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Abstract. An exact solution of the theory of elasticity is presented for the problem of a narrow 
multilayer bar section transverse bending under the action of a normal uniform load on longitudinal 
faces. The solution is built using the principle of superposition, by imposing common solutions to 
the problems of bending a multilayer cantilever with uniform loads on the longitudinal faces and an 
arbitrary load on the free end, and allows to take into account the orthotropy of the materials of the 
layers, as well as transverse shear deformation and compression. On the basis of a built-in general 
solution, a number of particular solutions are obtained for multi-layer beams with various ways of 
the ends fixing. 

Introduction 

Beams that work on a flat transverse bend under the action of a uniform load on the longitudinal 
faces, are quite common elements of various engineering structures. Therefore, the definition of the 
stress-strain state (SSS) of such elements is of great practical importance and is one of the classical 
problems of mechanics of a deformed solid. 

The exact solutions of the theory of elasticity for individual problems of bending of isotropic 
beams under the action of a uniform load have been known for a long time. As a special case of 
solving the plane problem of the theory of elasticity in polynomials, Timpe in [1] obtained a 
solution for an isotropic console with a uniform load along the length. Built on the basis of this 
solution, the solution for a simply supported beam is a classic problem of the theory of elasticity 
course [2]. For a more complicated case of rigid supports of the ends, as well as a combination of 
rigid and hinged supports, solutions were obtained relatively recently in [3, 4]. 

Similarly, for an anisotropic and, in particular, an orthotropic console, the solution to the 
problem of bending under a uniform load was also obtained quite a long time ago [5]. However, 
solutions for beams with different end supports were obtained much later in [6, 7]. 

In a number of recent works [6-12], the efforts of scientists were directed to solving the problems 
of bending anisotropic functionally gradient beams, the material of which has continuous non-
uniformity over the height of the section. 

At the same time, the problems of multilayer beams bending remain practically unexplored, 
although the composite elements used in practice are predominantly multilayered. The exact 
solution of the theory of elasticity was obtained only for a three-layer beam with different types of 
end supports [13]. But, the layer-by-layer approach used in this paper to solving the problem leads 
to very cumbersome relations, even for a beam with isotropic layers. 

However, for multilayer beams, refined bending models are quite developed, for example, [14-
17]. 

In [18, 19], the authors proposed solutions for multilayer cantilevers with a load on the free end 
and a uniform load on the longitudinal faces, which were obtained using a continuous approach to 
the description of a multilayer structure. Such an approach makes it possible to obtain uniform 
relations for the characteristics of the SSS at once for the whole package of layers, which may 
contain isotropic or orthotropic layers, homogeneous or continuously heterogeneous with an 
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Similarly to the previous examples, for comparison with known ratios, we give the resulting ratio 
for the deflection of the lower fiber in the middle section. For the case of conditions Eq. 26 and 
Eq. 29, this value will be the same and equal to 
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For homogeneous orthotropic and isotropic beams with fixed ends, the relation Eq. 31, taking 

into account Eq. 15, is simplified to the form 
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In square brackets in relations Eq. 31 and Eq. 32 a component is selected that takes into account 

the lateral shear and compression deformations, and is a refinement of the expression for the 
deflection rise of a rigidly fixed beam according to the elementary bending theory. 

It should be noted that such a refinement significantly affects the amount of deflection than in the 
examples discussed above. So for a carbon fiber rectangular beam with a ratio of 10l h = , the value 
of the specified specification will be 102.8%, and at 5l h =  – 411.1%. The FEM simulation for a 
rigidly fixed carbon fiber beam at 5l h =  gives a deflection value 15.6% greater than the first 
relation Eq. 32, and by 9.6% more with 10l h = . 

Summary 

Thus, an exact analytical solution has been constructed for the problem of plane elastic bending 
of a section of a multilayer beam under the action of a uniform normal load on longitudinal faces, 
which compose relations Eq. 2-4. The solution obtained makes it possible to determine the 
components of the SSS of multilayer bar consisting of an arbitrary number of orthotropic 
homogeneous or continuously inhomogeneous layers, taking into account the compliance of their 
materials to transverse shear deformations and compression. 

The application of the obtained solution together with the proposed analogue of the method of 
initial parameters made it possible to obtain a number of new solutions for problems of bending of 
beams with different types of the ends supports. 

Comparison of the calculation results of the deflections of beams using the obtained relations, 
with the FEM simulation results, show only a slight difference even for short beams. In this case, 
the proposed methods for modeling fixings are not the only possible ones, and the list of methods 
for supports can be significantly expanded. 

The obtained general solution for the multi-section beam section and the proposed method for 
determining the initial parameters can be generalized and extended to the case of multi-span beams 
with an arbitrary number of sections, with different load intensity and structure. 

References 

[1] A. Timpe, Probleme der Spannungsverteilung in ebenen Systemen einfach gelöst mit Hilfe der 
Airyschen Funktion, Z. Math. Physik. 52. 348-383 (1905). 

[2] S.P. Timoshenko, J.N. Goodier, Theory of Elasticity, 3rd Edition. McGraw Hill, New York, 
1970. 

[3] H.-J. Ding, D.-J. Huang, H.-M. Wang, Analytical solution for fixed-end beam subjected to 
uniform load, Journal of Zhejiang University: Science. 6A(8). 779-783 (2005). 

484 Actual Problems of Engineering Mechanics



 

[4] C.-X. Zhan, Y.-H. Liu, Plane elasticity solutions for beams with fixed ends, Journal of 
Zhejiang University: Science A. 16(10). 805-819 (2015). 

[5] S.G. Lekhnitskii, Anisotropic Plate, Gordon and Breach, New York, 1968. 
[6] H.J. Ding, D.J. Huang, W.Q. Chen, Elasticity solutions for plane anisotropic functionally 

graded beams, International Journal of Solids and Structures. 44(1). 176-196 (2007). 
[7] A.M. Jiang, H.J. Ding, The analytical solutions for orthotropic cantilever beams (II): solutions 

for density functionally graded beams, Journal of Zhejiang University (SCIENCE). 6A(3). 
155-158 (2005). 

[8] D.-J. Huang, H.-J. Ding, W.-Q. Chen, Analytical solution for functionally graded anisotropic 
cantilever beam under thermal and uniformly distributed load, Journal of Zhejiang University: 
Science A, 8(9). 1351-1355 (2007). 

[9] Z. Zhong, T. Yu, Analytical solution of a cantilever functionally graded beam, Composites 
Science and Technology. 67(3-4). 481-488 (2007). 

[10] A. Daneshmehr, S. Momeni, M.R. Akhloumadi, Exact elasticity solution for the density 
functionally gradient beam by using airy stress function, Applied Mechanics and Materials. 
110-116. 4669-4676 (2012). 

[11] Q. Yang, B.L. Zheng, K. Zhang, J. Li, Elastic solutions of a functionally graded cantilever 
beam with different modulus in tension and compression under bending loads, Applied 
Mathematical Modelling. 38(4). 1403-1416 (2014). 

[12] S. Benguediab, A. Tounsi, H.H. Abdelaziz, M.A.A. Meziane, Elasticity solution for a 
cantilever beam with exponentially varying properties. Journal of Applied Mechanics and 
Technical Physics, 58(2), 354-361 (2017). 

[13] M. Wang, Y. Liu, Analytical solution for bi-material beam with graded intermediate layer, 
Composite Structures. 92. 2358-2368 (2010). 

[14] A.V. Gorik, Modeling Transverse Compression of Cylindrical Bodies in Bending, 
International Applied Mechanics. 37(9). 1210-1221 (2001). 

[15] U.A. Girhammar, D.H. Pan, Exact static analysis of partially composite beams and beam-
columns, International Journal of Mechanical Sciences. 49(2). 239-255 (2007). 

[16] W. Zhen, C. Wanji, A global higher-order zig-zag model in terms of the HW variational 
theorem for multilayered composite beams, Composite Structures. 158. 128-136 (2016). 

[17] D. Zhao, Z. Wu, X. Ren, New Sinusoidal Higher-Order Theory Including the Zig-Zag 
Function for Multilayered Composite Beams. Journal of Aerospace Engineering. 32(3). 
(2019). 

[18] A.V. Goryk, S.B. Kovalchuk, Elasticity theory solution of the problem on plane bending of a 
narrow layered cantilever bar by loads at its end, Mechanics of Composite Materials. 54(2). 
179-190 (2018). 

[19] A.V. Goryk, S.B. Koval’chuk, Solution of a Transverse Plane Bending Problem of a 
Laminated Cantilever Beam Under the Action of a Normal Uniform Load, Strength of 
Materials. 50(3). 406-418 (2018). 

Materials Science Forum Vol. 968 485


